Complete flat surfaces in Rn are studied under the condition that the normal connection is flat and the length of the mean curvature vector is constant. It is shown that such a surface must be the product of two curves of constant geodesic curvature.
In this paper we prove the following theorem.
Theorem. Let M be a complete C°° flat surface in Rn. Suppose that the normal connection of M is flat and the length of the mean curvature vector is constant. Then there exist curves of constant geodesic curvature C, z'zz Rr and C2 in M."" ( 1 < r < n-1) such that M is congruent to the Riemannian product of Cx and C2.
A surface is called flat if the Gaussian curvature is zero at every point. Let M be a surface in R" . We denote the standard inner product and the covariant differentiation of R" by ( , ) and D respectively. For tangent vector fields X, Y, and a normal vector field Ç of M, we write DXY = DXY + B(X, Y) and DXÇ = -A(X + D¡¿i, where DXY (resp. -A(X) is the tangential component of DXY (resp. DXÇ), and B(X, Y) (resp. DXÇ ) is the normal component of DXY (resp. DXÇ). Let {e¡} (i = 1, 2) be a local orthonormal frame field of the tangent bundle TM of M and {ea} (a = 3, ... , zz) be a local orthonormal frame field of the normal bundle T M of M. We define coAB(X) = (DxeA ,eB) (A, B = 1, ... , n) for X in TM. We say that a point p in M is umbilical with respect to a normal vector £ at p if A? is proportional to the identity transformation of the tangent space T M of M at p. If K denotes the Gaussian curvature of M, the Gauss equation is given by Proof. Since c / 0, there does not exist a point on M which is umbilical with respect to all normal vectors. Hence for each point p of M there exists a simply connected neighborhood U and a C°° normal vector field £ defined on U such that every point in U is not umbilical with respect to £. Let {ex, e2} be an orthonormal frame field of TM\V which consists of eigenvectors of A.. By a result in [6] , {e^ , e2} is a C°° frame field on U. For q in M, let V, *1> if » fj) nave me same properties as U , £,, {ex, e2} respectively. Suppose that U n V is nonempty and connected. Since the normal connection of M is flat, A, and A have common eigenvectors on U n V . Hence we can take {f\ » fii so tnat e\ = f\ and e2 = fi on ^n ^ • Since M is simply connected, this continuation method and the standard monodromy argument allows us to define a global C°° orthonormal frame field {èx, ë2} on M which has the desired property.
By Lemma 2, B(dn(eA , d7i(èi)) (i = 1, 2) is a C°° normal vector field of M which satisfies \\B(dn(èx), dn(èx))\\ + \\B(dn(è1), dn(è2))\\ -c~. We use the Codazzi equation (2) to obtain Lemma 3. If p lies in Mx (resp. M2 ), then d2 (resp. ox ) is entirely contained in Mx (resp. M2 ). Moreover, d2 (resp. ox ) is a geodesic of M.
Proof. Suppose p lies in Mx . Set
Using (3), we see that f(t) satisfies a differential equation
where if/(t) = 2(Dè ëx, ë2)(à2(t)). Since, by Lemma 2, y/ is a C°° function defined for all t and /(0) = 0,(5) implies that /(*) = 0 for all t. Thus d2(t)
is contained in Mx for all t.
Since \\B(dn(è2), dn(è2))\\2 attains its maximum (= c ) along d2(t), we have (6) ëx(\\B(d7t(ê2),d7i(è2))\\2) = 0 at every point of ö2(t). Equations (4) and (6) yield co2x (e2) = 0, which implies that â2(t) is a geodesic of M. The proof is similar when p lies in M2.
We define continuous unit vector fields Yx and Y2 on M by Yx = (\\B(d7t(èx),d7i(êx)\\/c)êx -(\\B(dn(è2),d7i(ê2))\\lc)ë2 and Y2 = (\\B(d7i(èx),dn(êx))\\/c)êx + (\\B(d7i(ë2),dn(ë2))\\/c)ë2.
Yx and Y2 are C°° on M0. Moreover, using (3) and (4) together with \\B(dn(êx), d7t(êx))\\2 + \\B(dn(ê2), dn(è2))\\2 = c2, one can show that D~Yi = 0 for z = 1, 2 . Thus we have Lemma 4 . Every integral curve of Y¡\M0 (i -1 , 2) is geodesic.
Let p be a point in M0 and let f((t) be an integral curve of Yt\MQ with 7,(0) =p.
Lemma 5. y¡ is defined for all t e R. (dCx/düx,dC2/dü2} = 0 for any (ux , u2) in R2 . Let Pi be the affine subspace of the lowest dimension which contains C . Equation (7) implies that Px and P2 are orthogonal. Since X(ux , u2) = Cx(ux) + C2(u2), M is the Riemannian product of Cx and C2. Since M is complete, C; is either a curve of infinite length without endpoints or a covering of a closed curve Ct. Then M is the Riemannian product of C, and C2. (We set C¡ = C¡ if C; is not a covering of a closed curve.) The geodesic curvature of Cl is given by \\B(dn(ej), dn(ëj))\\, which is constant since the angle between Yx and Y2 is constant on M. Hence C, and C2 have constant geodesic curvatures.
Corollary. Let M be a compact flat surface in R4. // the normal connection of M is flat and the length of the mean curvature vector is constant, then M is congruent to the Riemannian product of two circles, Sl (rx ) x Sl(r2). Remark 1. Our theorem is global (i.e., completeness is necessary), as we see in the following example: Let S -{(x, y, z) = (reos6, rsind, r): 1 < r < 2, 0 < 6 < 2n). S is a flat surface in R whose mean curvature is \/2\/2r. Let 4>(s) = (<t>x(s), 4>2(s)) be a curve in R parameterized by arc-length s whose curvature is y 2 (1 -s 2) . Define an isometric immersion <P: R -> R by <S>(x,y, z) = (x,y, 4>x(z), cf>2(z)). Then M = 0(5) is a flat surface in R4 having a mean curvature vector of constant length and flat normal connection. But clearly, M is not a Riemannian product of two curves.
Remark 2. If the mean curvature vector is parallel with respect to the normal connection, the length of the mean curvature vector is constant. Moreover, the normal connection is flat if M is in R and not minimal. A flat surface in R4 with parallel mean curvature vector is locally the Riemannian product of two circles [4] .
Remark 3. There are many compact flat surfaces in R with flat normal connection which are not congruent to the Riemannian product of two plane curves [3, 5] . Remark 4 . A similar problem is studied in [ 1 ] for surfaces of positive constant curvature.
